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Introduction: We study the noise sensitivity of two 
kinds of direct data-driven (DDD) infinite horizon 
linear quadratic regulator (LQR) problems: 
certainty equivalence (CE) and robustness-
promoting (RP) cases, both of which are based on 
the semidefinite program (SDP).

Problem Setup: Given a discrete-time linear time-
invariant (LTI) system:

𝑥𝑡+1 = 𝐴𝑥𝑡 + 𝐵𝑢𝑡 + 𝑤𝑡 , 
where 𝑥𝑡 ∈ ℝ𝑛 , 𝑢𝑡 ∈ ℝ𝑚 , 𝑤𝑡~𝑁 0, 𝜎𝑤

2 𝑰𝑛 , 𝜎𝑤
2 ≥

0. A, B  is controllable.

LQR problem:

min
𝑢0,𝑢1,….

lim
𝑇→∞

[
1

𝑇
෍

𝑡=0

𝑇

(𝑥𝑡
𝑇 𝑄𝑥𝑡 + 𝑢𝑡

𝑇 𝑅𝑢𝑡)]

s.t. the above LTI system,

where 𝑄 ≻ 0, 𝑅 ≻ 0. 

When 𝑨, 𝑩  is known, the above optimal solution 
is 𝑢𝑡 = −𝐾𝑙𝑞𝑟 𝑥𝑡  and 

𝐾𝑙𝑞𝑟 = − 𝑅 + 𝐵𝑇 𝑃𝐵 −1𝐵𝑇 𝑃𝐴,

 where 𝑃 is the solution of discrete-time algebraic 
Riccati equation.
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Experiments for RP DDD LQR: Consider an order-2 single-

input unstable system, for which 𝐾𝑙𝑞𝑟 = [

]

−0.7112 −

0.2046 . 𝜎𝑤
2 = 1 and 𝜎𝑢

2 = 1.

Theorem 2 (our work [4]). Assume 𝜎𝑤
2 > 0 and 𝑇 ≥

𝑚 + 𝑛 𝑛 + 1 + 𝑛,
𝑃 𝐾𝑐𝑒 = 𝟎𝒎×𝒏 = 1.

(CE DDD LQR is trivial for almost all noise )

Theorem 1 ([2]). Let [𝑋0; 𝑈0] be full row rank. 
When 𝜎𝑤

2 = 0, 𝐾𝑐𝑒 = 𝐾𝑙𝑞𝑟 .

 (CE DDD LQR is perfect for noiseless case ☺)

CE DDD LQR ([2]):

min
𝑋,𝑌

𝑡𝑟𝑎𝑐𝑒 𝑄𝑋0𝑌 + 𝑡𝑟𝑎𝑐𝑒(𝑋)

       s.t.
𝑋0𝑌 − 𝐼𝑛 𝑋1𝑌

𝑌𝑇 𝑋1
𝑇 𝑋0𝑌

≽ 0

𝑋 𝑅𝑈0𝑌

𝑅𝑈0𝑌
𝑇

𝑋0𝑌
≽ 0.

Let 𝑌𝑐𝑒
∗ denote its optimal solution, 

𝐾𝑐𝑒 ≔ −𝑈0𝑌𝑐𝑒
∗ 𝑋0𝑌𝑐𝑒

∗ −1 .

Key Observation: the following equalities always hold 

when 𝜎𝑤
2 > 0 

ቐ

𝑈0𝑌∗ = 𝟎𝒎×𝒏

𝑋0𝑌∗ = 𝑰𝒏

𝑋1𝑌∗ = 𝟎𝒏×𝒏

,

where 𝑌∗  is an optimal solution of CE DDD LQR for any 
𝑇 ≥ 𝑚 + 𝑛 𝑛 + 1 + 𝑛 or an optimal solution of RP 
DDD LQR for 𝑇 → ∞. 

RP DDD LQR ([3]):

min
𝑋,𝑌,𝑆

𝑡𝑟𝑎𝑐𝑒 𝑄𝑋0𝑌 + 𝑡𝑟𝑎𝑐𝑒 𝑋 + 𝑡𝑟𝑎𝑐𝑒(𝑆)

       s.t.
𝑋0𝑌 − 𝐼𝑛 𝑋1𝑌

𝑌𝑇 𝑋1
𝑇 𝑋0𝑌

≽ 0

𝑋 𝑅𝑈0𝑌

𝑅𝑈0𝑌
𝑇

𝑋0𝑌
≽ 0

𝑆  𝑌
𝑌𝑇  𝑋0𝑌

≽ 0.

Theorem 3 (our work [4]). Assume 𝜎𝑤
2 > 0,

lim
𝑇→∞

𝑃 𝐾𝑟𝑝 = 𝟎𝒎×𝒏 = 1.

(RP DDD LQR is not statistically consistent ) 

Let 𝑌𝑟𝑝
∗  denote its optimal solution, 

𝐾𝑟𝑝 ≔ −𝑈0𝑌𝑟𝑝
∗ 𝑋0𝑌𝑟𝑝

∗ −1
.

When 𝑨, 𝑩  is unknown, based on the following 
data matrices:

𝑋0 = 𝑥0  𝑥1  … 𝑥𝑇−1 ,
𝑈0 = 𝑢0  𝑢1  … 𝑢𝑇−1 ,

𝑋1 = 𝑥1  𝑥2  … 𝑥𝑇 ,
where 𝑢𝑡~𝑁 0, 𝜎𝑢

2𝑰𝑚 , we use DDD LQR to estimate 
𝐾𝑙𝑞𝑟 .
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