
System Identification Under Bounded Noise: Optimal 
Rates Beyond Least Squares   

Xiong Zeng, Jing Yu, and Necmiye Ozay
      University of Michigan, Ann Arbor

Introduction: For linear system identification, 
the ordinary least squares (OLS) estimator is 
minimax optimal under Gaussian noise. In 
safety-critical scenarios, bounded noise is 
very common.
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Theorem 1 (our work). Given a single 
trajectory 𝑥! !∈[$]. ℱ$  denotes the 𝜎-algebra 
generated by 𝑥! !∈[$]	and %𝐴$denotes a ℱ$  -
measurable estimator. Then, ∀𝛿 ∈ 0,1  and 
small 𝜖 > 0,
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(The best estimator can achieve Ω(*
.
)) 

Theorem 2 (our work). Assume 𝑎 < 1. Then, ∀𝛿 ∈ 0,1  
and small 𝜖 > 0,

𝑃(|| @𝑎$123 − 𝑎||) < 𝜖) ≥ 1 − 𝛿    only if 𝑇 > Ω( *
.$
).

(OLS only achieves Ω( *
.$
))  

The ordinary least squares (OLS) for scalar case: 

@𝑎$123 = argmin4F
!5*

$6*

𝑥!7* − 𝑎𝑥!
)

Theorem 3 ([2]). ∀𝛿 ∈ 0,1  and small 𝜖 > 0, with or without 
knowing G𝑤,
∀ %𝐴$ ∈ 𝒮8 , 	𝑃(|| %𝐴$ − 𝐴||) < 𝜖) ≥ 1 − 𝛿    if 𝑇 > Ω(*

.
).

( SME achieves the optimal Ω(*
.
)) 

The set membership estimator (SME) based on 𝑥! !∈[$]

𝒮8 = 𝐴 ∈ ℝ0×0: 𝑥!7* − 𝐴𝑥! :
≤ G𝑤,∀𝑡 ∈ 𝑇 − 1 .

Algorithm Comparison:

OLS:           min
'
	∑!5*$6* 𝑥!7* − 𝐴𝑥!

)

OLS-SME:                 min
'∈𝒮%

𝐴 − %𝐴$123

CLS:           min
'∈𝒮%

∑!5*$6* 𝑥!7* − 𝐴𝑥!
)

OLS achieves O( *
$
) L 

SME, OLS-SME, and CLS achieves O(*
$
)J   

Problem Setup: Given a discrete-time linear 
time-invariant (LTI) system:

𝑥!7* = 𝐴𝑥! + 𝑤! , 
where 𝑥! , 𝑤! ∈ ℝ0 .  Assume 
1). (bounded noise) ||w<||: < G𝑤	𝑎𝑛𝑑	w< are 
i.i.d. for all t;
2). (stable)  𝜌 𝐴 < 1;
3). (boundary probability) ∀ϵ ∈ [0, G𝑤], ∃𝐶 >
0	, s. t.  ∀𝑗 ∈ 𝑛 ,   
max 𝑃 𝑤&

' < −𝑤 + 𝜖 , 𝑃 𝑤&
' > 𝑤 − 𝜖 < 𝐶𝜖.

Questions:
1. Is OLS estimator still minimax optimal for 

bounded noise?
2. Which estimator is minimax optimal for 

bounded noise?


