
ECE 562: Nonlinear Systems and Control
Chapter 2 Qualitative behavior of linear systems

Xiong Zeng

University of Michigan

Winter 2026

1 / 11

- statistical learning
- control system
theory +design



Chapter 2: Big picture

↭ Focus: qualitative behavior of second-order systems via phase portraits.

↭ Linear case: ẋ = Ax with A → R2→2
.

↭ Classification by eigen-structure (real/complex, distinct/repeated, zero

eigenvalues).
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2.1 Second order systems: phase portrait viewpoint

Consider the second-order nonlinear system

{
ẋ1 = f1(x1, x2),

ẋ2 = f2(x1, x2).

Assume the solution x(t) = (x1(t), x2(t)) with x(t0) = x0 exists and is unique.

↭ The locus of x(t) on the (x1, x2)-plane for t ↑ t0 is a curve through x0.

↭ The family of all locus curves is the phase portrait.
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2.2 Linear planar systems and real Jordan form

Let

ẋ = Ax , A → R2→2.

The solution from initial condition x0 can be written as

x(t) = M exp(Jr t)M
↑1x0,

where Jr is the real Jordan form of A and M is real, nonsingular with

M↑1AM = Jr .

Depending on eigenvalues of A, Jr takes standard forms below.
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Real Jordan forms in R2↓2

↭ Two real and distinct eigenvalues:

Jr =

(
ω1 0

0 ω2

)
.

↭ Complex conjugate eigenvalues ω1,2 = a± jb:

Jr =

(
a ↔b
b a

)
.

↭ Two real and equal eigenvalues:

Jr =

(
ω k
0 ω

)
, k → {0, 1}.
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2.2.1 Case I: real eigenvalues ω1,ω2

↭ Stable node: ω2 < ω1 < 0.

↭ ω2 is the fast eigenvalue, ω1 the slow.
↭ Trajectories approach the origin tangent to the slow eigenvector.

↭ Far from the origin, trajectories are approximately parallel to the fast eigenvector.

↭ Unstable node: 0 < ω2 < ω1 and both positive.

↭ Same geometry as stable node but time direction reversed (repelling).

↭ Saddle: ω2 < 0 < ω1.

↭ ω2: stable direction; ω1: unstable direction.

6 / 11

(H)=(exit,&x ( with- XrE
Zz(t) =Zzol

-

X2
X,X20 =

( 22

C

-



z, (H)= zoexit ext(z2H) =zwext

Y
zzlt) = Z &

↑2. In

= zo e (inzim-ingo)

!



2.2.2 Case II: complex eigenvalues ω1,2 = a ± jb

↭ Stable focus: a < 0 (spirals into the origin).

↭ Unstable focus: a > 0 (spirals out from the origin).

↭ Center: a = 0 (closed orbits in the linear model).
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2.2.3 Case III: repeated nonzero eigenvalue ω1 = ω2 = ω →= 0

↭ Phase portrait is similar to a node, but without the same fast–slow asymptotics.

↭ Common terminology:

↭ ω < 0: stable node.
↭ ω > 0: unstable node.
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2.2.4 Case IV: zero eigenvalue(s)

↭ If A has a nontrivial nullspace, any vector in N (A) is an equilibrium:

Ax = 0 =↑ ẋ = 0.

↭ Hence the system has an equilibrium space (not an isolated equilibrium point).
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2.3 Linearization near an equilibrium

Consider the nonlinear second-order system

{
ẋ1 = f1(x1, x2),

ẋ2 = f2(x1, x2),

and let p = (p1, p2) be an equilibrium point. Assume f1, f2 are continuously

di!erentiable.

Let yi = xi ↓ pi . Linearization about p yields

ẏ = Ay ,

where A is the Jacobian of f (x) evaluated at x = p.
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2.3 What linearization can (and cannot) conclude

↭ If the linearized system has:

↭ a stable/unstable node with distinct eigenvalues, or

↭ a stable/unstable focus, or

↭ a saddle,

then in a su”ciently small neighborhood of p, the nonlinear trajectories behave

qualitatively the same way.

↭ Exception: center. If the linearization has a center, then linearization is

inconclusive: the nonlinear behavior near p may di!er significantly.
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