ECE 562: Nonlinear Systems and Control

Chapter 2 Qualitative behavior of linear systems
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Chapter 2: Big picture
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» Focus: qualitative behavior of seconi—y‘ér systems via phase portraits.
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» Linear case: x = Ax with A € R2x2,

> Classification by eigen-structure (real/complex, distinct/repeated, zero

eigenvalues).

23 dugrt
U
X

R?/

2/11



2.1 Second order systems: phase portrait viewpoint

Consider the second-order nonlinear system

x1 = fi(x1, x2),
Xp = f2(X17X2)\'/

Assume the solution x(t) = (x1(t), x2(t)) with x(to) = xo exists and is unique.
O

» The locus of x(t) on the (x1, x2)-plane for t > ty is a curve through xg.
» The farrily of all locus curves is the phase portrait.
,—/\_\M’.
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2.2 Linear planar systems and real Jordan form A= M*‘j; Y\
X =0 cIR" At —
> Awr e A

Let \/ -~

x = Ax, A e R?*2,

The solution from initial condition xg can be written as

-
M
x(t) = Mexp(J )M 1 x, 2ir)= B 4c+)
where J, is the real Jordan form of A and M is real, nonsingular with l/

M~1AM = J,.
2t = 0 (Jy 1) 2(9)

Depending on eigenvalues of A, J, takes standard forms below. —m7 -~
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Real Jordan forms in [R2*2

> Two real and distinct eigenvalues:

J = (Aol A°2) \/

+
» Complex conjugate eigenvalues \; > = a &+ jb: < " L )
ujb
=2 v —

> Two real and equal eigenvalues:

J,:<3 @) ke (o1},
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2.2.1 Case |: real eigenvalues A1, > aE 2,
: ~ €)= "t
;—: ij {Z_': A2 wlfh(g’o) = < @ Xt
2}: )\P‘ZL iw 2}6'6) ;ZWQ

> Stable node: ), < \; < 0. £ 2 Az
- 0
> )\ is the st ég)t\azﬁ\fé?ue, A1 the slow. X "’> L= =y G'
» Trajectories approach the origin tangent to the slow eigenvector. ﬁ
» Far from the origin, trajectories are approximately parallel to the fastSiE@fivector.
Unstable node: 0 < A» < A; and both positive. C
as stable node but time direction reversed (repelling).

2,

> Saddle: \» <0<

\ €, /
> s séable directiom\ \1: unstable direction. jJ \\
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2.2.2 Case Il: complex eigenvalues \;, = a ijb&ﬂ A+jb atjy
Z’zlv\: X { g4 = 0(2‘ PZL }70‘04)/ MOYOl(M"('e M/Jb

Y,&Y
2= P2 tuz, r=darap

22
> Stable focus: a < 0 (spirals into the ongm)O ot (Z 1
Unstable focus: a > 0 (spirals out from the origin). L
> Center: a = cIosed orbits in the linear model). at
YUt )= Yo @
> = =
2 QW =6tp t
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2.2.3 Case lll: repeated nonzero eigenvalue \; = A\, :®# 0

{ 2 = M +kz, 219>2 €12, + k2t )
=7 %
. = = P
& ]‘ZL 27,(,-6):_ eJ\‘t 25, _-> _ lo
. 2 =8 [290
» Phase portrait is similar to a node, but without the same fast—slow asymptotics. R
» Common terminology: + _\,)n_;.
> )\ < 0: stablpode v 2,
» X > 0: unstable node. g —
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2.2.4 Case IV: zero eigenvalue(s) RAA=o A M F0

wWhen Ao A\, %0 2 = /%-\ v )
g =0 > 20t) = & Sm\?e
. = W
{Ez A2y Z18) = By, em’{ A1=0 87 bt

> If A has a nontrivial nullspace, any vector in N'(A) is an equilibrium:/64x

Ax =0 = x:o./ /A M‘('fe
Wile
» Her|ce the system has an equilibrium space (not an isolated equilibrium point).
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2.3 Linearization near an equilibrium

Consider the nonlinear second-order system

x; = fA(x1, x2), 2
).(2 = f2(X1,X2)7 /R

and let p = (p1, p2) be an equilibrium point. Assume f1, f, are continuously

—_—

. — T —
dn‘FererElabIe. . o ' 3-,[| a_ﬁ
Let y; = x; — p;. Linearization about p yields _— =
o / A = 3’)(, QXL

y = Ay,
of2 ot
9K %

where A is the Jacobian of f(x) evaluated at x = p.

x, 422 =(R, Py)
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2.3 What linearization can (and cannot) conclude

A M

————

» If the linedrized system has:

> a stable/unstable g with distinft eigenvalues, or 6“(ﬂe,n\/0|(k/t€ S
> a stable/unstable toefis, or

N foq 7227

> efsaddle - . Yer@gﬁ‘ (d \MISO V\/QY\(
then in a sufficiently small neighborhood of p, the nonlinear trajectories behave
qualitatively the same way. oo next g\(

| 2 Exception:- If the linearization has a center, then linearization is
inconclusive: the nonlinear behavior near p may differ significantly.
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Hyperbolicity and Hartman—Grobman theorem (not covered in exam)

Definition (Hyperbolic equilibrium point). An equilibrium point p is hyperbolic if
the real part of all eigenvalues of A is not equal to zero.

Definition (Topological linearization). A continuous linearization of f(x) near p is a
homeomorphism h such that hon; o h™1 = eAt, where 7, is the local flow of x = f(x).
Theorem (Hartman—Grobman theorem). Let f be continuously differentiable and
let p be a hyperbolic equilibrium point. Then there exists a neighborhood of p in
which f admits a continuous linearization. That is, the nonlinear flow is locally
topologically equivalent to its linearization.

Implication: Local phase portraits are determined by the Jacobian for all hyperbolic
equilibrium points.
It's still an active areal!! 2
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