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https://tenor.com/search/robot-fail-gifs

Unlike ChatGPT, the physical agents are sensitive and dangerous
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Why?

• Unlike cyberspace with discrete states, the physical world is a continuous state 
space.

• In continuous state space, infinitesimal error can lead to catastrophic 

failures in stability and safety.

• Learning for infinitesimal error might be arbitrarily hard.

Therefore, we focus on the statistical fundamental limits of agent learning in 
continuous state space, like system identification and learning-based control, etc.
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Summary of Statistical Fundamental Limits

• Statistical Consistency: Does the algorithm converge to the ground-truth 
solution with respect to sample size? 

• Statistical Optimality: If the algorithm is statistically consistent, does the 
algorithm achieve the minimax sample complexity lower bound? 

• Statistical Hardness: If the algorithm is statistically optimal, does the optimal 
sample complexity increase moderately with the system complexity? 
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Summary of Our Contributions

• Chapter 2  for Statistical Consistency --- Noise Sensitivity of the Semidefinite 
Programs for Direct Data-Driven LQR (ACC 2025 and TAC 2025)

• Chapter 3  for Statistical Optimality --- System Identification Under Bounded 
Noise: Optimal Rates Beyond Least Squares (Submitted to CDC 2025 and L-CSS)

• Chapter 4  for Statistical Hardness --- On the Hardness of Learning to Stabilize 
Linear Systems (CDC 2023)
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Chapter 2

Noise Sensitivity of the Semidefinite Programs for Direct Data-

Driven LQR
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Given a linear time-invariant (LTI) system:
xt+1 = Axt + But + wt, 

where xt, 𝑤𝑡 ∈ ℝn, ut ∈ ℝm, wt = 0 𝑜𝑟 wt~𝒩 0, σw
2 In , and A, B  is controllable.

Linear quadratic regulator (LQR) problem:

min
u0,u1,….

lim
T→∞

𝔼[
1

T
෍

t=0

T

(xt
TQxt + ut

TRut)]

s.t. the previous LTI system,
where Q ≻ 0, R ≻ 0. When A, B  is known, the above optimal solution is ut =
Klqrxt, where

 Klqr = − R + BTPB
−1

BTPA, 

and P is the PSD solution of discrete-time algebraic Riccati equation.
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Certainty Equivalence (CE) DDD LQR
 (De Persis & Tesi, TAC 2019):

     min
X,Y

 trace QX0Y + trace(X)

     s.t.
X0Y − In X1Y

YTX1
T X0Y

≽ 0

X RU0Y

RU0Y
T

X0Y
≽ 0.

Let Yce
∗ be an optimal solution, an estimate of Klqr

Kce(𝑇) ≔ −U0Yce
∗ X0Yce

∗ −1.

Theorem 1 (De Persis & Tesi, 2019). Let rank
𝑋0

𝑈0
= 𝑚 + 𝑛. When wt = 0 for 

all t,  

Kce(𝑇) = Klqr.

 (CE DDD LQR is perfect for noiseless case)

Offline Data matrices:
X0 = x0 x1  … xT−1 ,
U0 = u0 u1  … uT−1 ,

     X1 = x1 x2  … xT ,
where ut~N 0, σu

2𝐈m .

Consider direct data-driven 
(DDD) control.

When A, B  is unknown 
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Theorem 2 (our work). Assume σw
2 > 0. When T ≥ m + n n + 1 + n,

P Kce(𝑇) = 0m×n = 1.

(CE DDD LQR is trivial for almost all noise)

Key observation: The following equalities hold for all Y𝑐𝑒
∗  when σw

2 > 0 

ቐ

U0Y𝑐𝑒
∗ = 0m×n

X0Yce
∗ = In

X1Yce
∗ = 0n×n

,

for any T ≥ m + n n + 1 + n. Recall Kce = −U0Yce
∗ X0Yce

∗ −1. 
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min
X,Y

 trace QX0Y + trace(X)

 s.t.
X0Y − In X1Y

YTX1
T X0Y

≽ 0

X RU0Y

RU0Y
T

X0Y
≽ 0.

Explanation for key observations:

• X0Y − In ≽ 0 and X ≽ 0   ⟹ trace QX0𝑌 + trace X ≥ trace Q .

• All Y 𝑤𝑖𝑡ℎ ቐ

U0Y = 𝟎𝐦×𝐧

X0Y = 𝐈𝐧

X1Y = 𝟎𝐧×𝐧

 are feasible solutions, for which trace QX0Y +

trace X = trace Q .
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Robustness-Promoting (RP) DDD LQR (De Persis & Tesi, Automatica 2021):

min
X,Y,S

 trace QX0Y + trace X + trace(S)

                           s.t.
X0Y − In X1Y

YTX1
T X0Y

≽ 0

X RU0Y

RU0Y
T

X0Y
≽ 0

S  Y
YT X0Y

≽ 0.

Let Yrp
∗  denote its optimal solution, Krp(𝑇) ≔ −U0Yrp

∗ X0Yrp
∗ −1

.

Theorem 3 (our work). Assume 𝑤𝑡 = 0,

lim
𝑇→∞

P(𝐾𝑟𝑝 𝑇 = Klqr) = 1.

(RP DDD LQR is statistically consistent for noiseless case) 
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Theorem 4 (our work). Assume 𝜎𝑤
2 > 0,

lim
𝑇→∞

P(𝐾𝑟𝑝 𝑇 = 𝟎𝒎×𝒏) = 1 .

(RP DDD LQR is not statistically consistent for noisy case ) 

Key Observation: The following equalities always hold when 𝜎𝑤
2 > 0 :

lim
𝑇→∞

P(𝑈0𝑌𝑟𝑝
∗ = 𝟎𝒎×𝒏) = 1

lim
𝑇→∞

P 𝑋0𝑌𝑟𝑝
∗ = 𝑰𝒏 = 1

lim
𝑇→∞

P(𝑋1𝑌𝑟𝑝
∗ = 𝟎𝒏×𝒏) = 1

,

and recall Krp 𝑇 = −U0Yrp
∗ X0Yrp

∗ −1
. 



Experiments for RP DDD LQR: Consider an order-2 single-input unstable 
system, for which 𝐾𝑙𝑞𝑟 = −0.7112 − 0.2046 . 𝜎𝑤

2 = 1 and 𝜎𝑢
2 = 1.
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Summary and Future Work

1. Some SDPs for DDD LQR are sensitive to noise.

2. Check the statistical fundamental limits when designing new DDD control 
algorithms.

3. The fundamental limits for DDD Robust Control by matrix S-lemma (Waarde et 
al. 2020, Waarde et al. 2023) are unclear now.
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Chapter 3

System Identification Under Bounded Noise: Optimal Rates 

Beyond Least Squares
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Consider an unknown LTI system:
xt+1 = Axt + wt, 

where xt, 𝑤𝑡 ∈ ℝn. Assume 
• ||wt||∞ < ഥ𝑤 𝑎𝑛𝑑 wt are i.i.d. for all t,
•  𝜌 𝐴 < 1, 
•  and for any ϵ ∈ [0, ഥ𝑤], there exists 𝐶 > 0 , such that ∀𝑗 ∈ 𝑛 ,   

max 𝑃 𝑤𝑡
𝑗

< − ഥ𝑤 + 𝜖 , 𝑃 𝑤𝑡
𝑗

> ഥ𝑤 − 𝜖 < 𝐶𝜖.

Theorem 5 (our work). Given a single trajectory 𝑥𝑡 𝑡∈[𝑇]. ℱ𝑇 denotes the 𝜎-

algebra generated by 𝑥𝑡 𝑡∈[𝑇] and መ𝐴𝑇denotes a ℱ𝑇 -measurable estimator. Then, 

∀𝛿 ∈ 0,1  and small 𝜖 > 0,

sup
෠𝐴𝑇

inf
𝐴∈𝑅𝑛×𝑛

𝑃(|| መ𝐴𝑇 − 𝐴||2 < 𝜖) ≥ 1 − 𝛿    only if     𝑇 >
1

4 ഥ𝑤𝐶𝜖
(1 −

2𝛿

𝑛
).

(The best estimator can achieve Ω(
1

𝜖
)) 
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Theorem 6 (our work). Assume 𝑎 < 1. Then, ∀𝛿 ∈ 0,1  and small 𝜖 > 0,

𝑃(|| ො𝑎𝑇
𝑂𝐿𝑆 − 𝑎||2 < 𝜖) ≥ 1 − 𝛿    only if 𝑇 > Ω(

1

𝜖2).

(OLS only achieves Ω(
1

𝜖2))  

The ordinary least squares (OLS) for scalar case: 

ො𝑎𝑇
𝑂𝐿𝑆 = argmina ෍

𝑡=1

𝑇−1

𝑥𝑡+1 − 𝑎𝑥𝑡
2

Theorem 7 (Li & Yu et al., ICML 2024). ∀𝛿 ∈ 0,1  and small 𝜖 > 0, with or 

without knowing ഥ𝑤,

∀ መ𝐴𝑇 ∈ 𝒮T,  𝑃(|| መ𝐴𝑇 − 𝐴||2 < 𝜖) ≥ 1 − 𝛿    if 𝑇 > Ω(
1

𝜖
).

( SME achieves the optimal Ω(
1

𝜖
)) 

The set membership estimator (SME) based on 𝑥𝑡 𝑡∈[𝑇]

𝒮T = 𝐴 ∈ ℝ𝑛×𝑛: 𝑥𝑡+1 − 𝐴𝑥𝑡 ∞
≤ ഥ𝑤, ∀𝑡 ∈ 𝑇 − 1 .
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OLS:           min
𝐴

 σ𝑡=1
𝑇−1 𝑥𝑡+1 − 𝐴𝑥𝑡

2

SME: 𝒮T = 𝐴 ∈ ℝ𝑛×𝑛: 𝑥𝑡+1 − 𝐴𝑥𝑡 ∞
≤ ഥ𝑤, ∀𝑡 ∈ 𝑇

OLS-SME:         min
𝐴∈𝒮T

𝐴 − መ𝐴𝑇
𝑂𝐿𝑆

CLS:           min
𝐴∈𝒮T

σ𝑡=1
𝑇−1 𝑥𝑡+1 − 𝐴𝑥𝑡

2

OLS achieves O(
1

𝑇
)  

SME, OLS-SME, and CLS achieves O(
1

𝑇
)☺  

Summary:
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Chapter 4

On the Hardness of Learning to Stabilize Linear Systems



Given an unknown LTI system
𝑥𝑡+1 = 𝐴𝑥𝑡 + 𝐵𝑢𝑡 + 𝑤𝑡, 

where 𝑥𝑡 , 𝑤𝑡 ∈ ℝ𝑛, 𝑢𝑡 ∈ ℝ𝑚 ,  and 𝑤𝑡~𝒩 0, 𝜎𝑤
2 𝐼𝑛 . Assume (𝐴, 𝐵) is controllable  

the energy bounded input 𝔼 𝑢𝑡
2 ≤ 𝜎𝑢

2.
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Consider a learning to stabilize algorithm 𝜋 that 
• interacts with the above system for 𝑇 units of time, and 

• outputs a linear static state feedback controller ෡𝐾𝑇  at time T.

We want 𝜌 𝐴 + 𝐵 ෡𝐾𝑇 < 1.

Theorem 7 (our work). Then ∀𝛿 ∈ 0,0.5 , we have

    sup
𝜋

inf
(𝐴,𝐵)

𝑃((𝐴 + 𝐵 ෡𝐾𝑇) is stable) ≥ 1 − 𝛿,

only if
T ≥ Ω(𝑒𝑥𝑝 𝑛 ).

(𝑒𝑥𝑝 𝑛  hardness of learning to stabilize with easy SysId)
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Summary

1. System identification is easy, but learning to stabilize by linear static state feedback is 
still exponentially hard with the state dimension

2. We can try other state feedback, like online switching (Proposed Work 1) or 
historical state  feedback (Proposed Work 2) 

Tsiamis et al., COLT 2022 Hard to identify, then hard to learn to stabilize

Our Work Hard to distinguish and hard to co-stabilize, then hard 
to learn to stabilize

Comparison with the previous work
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Summary and Timeline
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